A weakly interacting boson-fermion mixture model was investigated using Wisonian renormalization group analysis.
Introduction
Since the first observation of Bose-Einstein condensation in 4 He in 1995 [1] , the field of degenerate quantum gases has become one of the most active areas of physics. Of particular interest is the realization of boson-fermion mixtures of atom gases. They may show very different behavior from pure fermion or pure boson gases. Various theoretical researches have been proposed. For instance, formation of stable strongly correlated boson-fermion pairs [2] , instability of the mixture when there is an attraction between bosons and fermions [3, 4] , interspecies interactions induced attraction among bosons [5, 6] and emergent supersymmetry (SUSY) from mixtures of cold Bose and Fermi atoms [7, 8] . Recent developments in atomic experiments have made it possible to realize boson-fermion mixed gases in the laboratory. Collapse of the atomic cloud induced by the interspecies attraction in boson-fermion mixtures was observed experimentally [9] . Also, the formation of heteronuclear Feshbach molecules has been observed in a bosonfermion mixture of 87 Rb and 40 K atomic vapors in a 3D optical lattice [10] and in an optical dipole trap [11] .
In the present work we give a renormalization group analysis on a boson-fermion mixture model at finite temperature. Wilsonian renormalization group approach [14, 15] is a popular method to study various condensed matter problems. This technique has been applied to a homogeneous Bose gas by several authors [16, 17, 18] . However, it was recognized in 1990s that the standard Wilson's momentum-shell approach must be modified for systems involving Fermi surface [19, 20, 21] since in such a system we renormalize not towards a single point, the origin, but towards the Fermi surface. Renormalization only reduces the dimension normal to the Fermi surface while the tangential part survives [22] . Besides the applications of renormalization group in pure-boson and pure-fermion systems a RG formalism for mixed boson-fermion systems were also discussed by several authors [23, 24, 25, 26, 27] .
In this context one is dealing with dilute, weakly interacting systems. This allows to effectively express the quantities of interest in terms of a single parameter characterizing the particle interaction. Our boson-fermion mixture model includes two important interaction parameters In the low-energy limit of a nonsupersymmetric condensed matter system supersymmetry(SUSY) can dynamically emerge at a critical point [12] . For our model if the chemical potentials of boson and fermion are equal and the two coupling constants are identical the Hamiltonian is invariant under supergroup U(1|1) [13] . We use RG to explore if there is such a SUSY fixed point. It turns out in the weak interaction limit this model doesn't exhibit a SUSY fixed point.
The Model
The model we concerned with includes one boson field φ and one spinless fermion field ψ. The grand partition function can be expressed as a functional integral,
where
We work in D-dimensional space, where the fields depend on spatial coordinates x = (x 1 , x 2 , ... In order to discuss the scaling of the momentum we expand the fields in Fourier modes though
where ω 
In above equation
netic energies for boson and fermion respectively.
Renormalization Group Analysis

Tree Level Scaling
We follow the Wilson's momentum-shell approach. The renormalization group transformation involves three steps: where s 1. In order to compare the action with the original one we need to rescale the radial coordinate as
Hence, the cutoff in q is back again at Λ. Here we give a definition to the scaling dimension. If a quantity scales as
we call [A] the scaling dimension of A. In this manner the scaling dimension of momentum q is 
To make it invariant under the scaling transformation we define the scaling dimension of the boson energy as
and the scaling dimension of the boson field as
Now we turn to the fermion case. The quadratic part of the fermion action is given by
In contrast to the boson case, low-energy modes of fermions live near the Fermi surface. In order to preserve the Fermi surface under scaling we can't simply scale the momentum as we did in the bosonic case. We renormalize not towards a single point, the orgin, but towards a surface.
To make progress we define a lower-case momentum k ≡ | K| − K F , which corresponds to the low energy mode of fermions. Then it is the momentum k but not momentum | K| that scales under the renormalization group transformation. Since
the quadratic part of the action can be approximated as (14) where v F is the Fermi velocity and δµ f = µ f (T ) − µ f (0) can be considered as the chemical potential of the low-energy modes of fermions. Following the first two steps of the renormalization group transformation this part becomes
In order to analyze fermions and bosons in one model it is reasonable to scale the energies of fermion and boson the same way, that is
According to Eq.(15) the scaling dimension of the low energy fermion momentum k is the same as the fermion energy,
To take the Eq.(15) back to the original form Eq. (14) we have to rescale the fermion field as
Then the scaling dimensions of the fermionic fields is
So far we have gained the scaling dimensions of momenta, energies and fields of both boson and fermion. Now we are ready to calculate the scaling dimensions of the interaction coupling constant g 1 and g 2 . The renormalization group transformation of the two-body interaction terms shows more subtleties, especially for the boson-fermion interaction term. First we study the pure boson interaction term. After we throw away the high energy momentum shell, the interaction becomes
where we implement θ function to generate constraints on the momentum space instead of cutoffs in the limits of integration, which gives a more explicit description in the scaling analysis. We eliminate one momentum variable q 4 using the delta function δ D ( q 4 + q 3 − q 2 − q 1 ). The above interaction term can be written as
When the momentum q i are scaled as q ′ i = s q i , the θ functions transform as
and
All the θ functions transform back to the original forms.
Then we can scale the pure boson interaction term as
Notice that β scales as the inverse of energy, therefore its scaling dimension is
In order to transform the Eq.(24) back to its original form
Eq. (20) we define
then the scaling dimension of g 1 is
As discussed by R. Shankar [21, 22] the renormalization group transformation of a system involving fermions must be treated carelly. Much of the new physics stems from measure for quartic interactions involving fermions. The boson-fermion interaction term in our model is
First we eliminate one variable K 4 using the δ function δ
, then the boson-fermion interaction term can be written as
where 
How can we say what the new coupling constant is if the integration measure doesn't go back to its old form? To solve this problem we approximate |k 4 | as
where q = q 1 − q 3 , |∆| = |K 2 + q/K F | andK 2 is the unit vector of K 2 . With this approximation the transformation of θ function is written as
)). (33)
Clearly for general values of |∆| the θ function doesn't scale invariantly. However, when
the θ function is invariant since θ(Λ) = θ(Λ/s). For the coupling constants in condition |∆| 1 we follow R.Shankar's analysis with a soft cutoff [22] :
Then the rescaled θ function in our boson-fermion interaction term becomes
We can see if |∆| = 1, the soft cutoff transforms invariantly, otherwise, it doesn't matter since the couplings will be exponentially suppressed in the limit N Λ → ∞. Hence, after the scaling the boson-fermion interaction term can be written as
Then we can identify
that is, the scaling dimension of g 2 is
At tree level the scaling dimensions of coupling constants g 1 and g 2 are both 2 − D. This agrees with the reference [29] for the pure boson interaction. Hence, in 2 dimension they are all marginal.
One-loop analysis
In order to carry out the first step of Wilsonian renormalization group transformation at one-loop level, we need to perform a functional integration over the high-momentum part in the action. For convenience we split the fields into "slow modes" and "fast modes",
Then the partition function can be recast as
We next construct an effective action by integration over the fast fields. To the one-loop order, one obtains
where ... > denotes the average over the fast fluctuations. 
and 
. Eq. (55) dβ dℓ = −2β shows that for large ℓ the temperature T (ℓ) always flows to infinity for nonzero initial temperature. This means in the vicinity of the critical point the Bose distribution and Fermi distribution can be reduced as
To absorb the factor e 2ℓ in the Eq.(56) we redefine the scaling of the interaction coupling constants in Eq. (51)- (55) 
We observe that the contributions of the fermion loops go to zero as ℓ → ∞ in above equations because of the factor e −2ℓ and e −4ℓ . Hence, in the vicinity of the critical point we can ignore these contributions. If we redefine the chemical potentials and the coupling constants as
the the Gell-Mann-Low equations can be further simplified as: 
The first terms on the right-hand side of Eq. The same situation has been discussed by reference [28] .
For instance, we consider the 3 dimensional case. The fixed points can be calculated as
The first one is the trivial Gaussian fixed point and the sec- 
Conclusion
In this paper we investigated a weakly interacting boson- Supersymmetry is a symmetry that relates boson and fermion. It has been one of the most active research areas in the high energy physics [30] . Various researches were also conducted to find supersymmetry in condensed matter systems [7, 8] . 
This action is invariant under supergroup U(1|1) [13] . We used renormalization group method to explore if there is a supersymmetry fixed point where µ b = µ f and g 1 = g 2 . The calculation of the Gell-Mann Low equations shows that our model doesn't exhibit such a fixed point.
